Some discretizations of geometric evolution equations 
and the Ricci iteration on the space of Kahler metrics, I 

Yanir A. Rubinstein* 

Abstract. In this article and in its sequel we propose the study of certain 
discretizations of geometric evolution equations as an approach to the study 
of the existence problem of some elliptic partial differential equations of a ge- 
ometric nature as well as a means to obtain interesting dynamics on certain 
infinite-dimensional spaces. We illustrate the fruitfulness of this approach in 
the context of the Ricci flow, as well as another flow, in Kahler geometry. 
We introduce and study dynamical systems related to the Ricci operator on 
the space of Kahler metrics that arise as discretizations of these flows. We 
pose some problems regarding their dynamics. We point out a number of ap- 
plications to well-studied objects in Kahler and conformal geometry such as 
constant scalar curvature metrics, Kahler-Ricci solitons, Nadel-type multiplier 
ideal sheaves, balanced metrics, the Moser-Trudinger-Onofri inequality, energy 
functionals and the geometry and structure of the space of Kahler metrics. E.g., 
we obtain a new sharp inequality strengthening the classical Moser-Trudinger- 
Onofri inequality on the two-sphere. 
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1 Introduction. Our main purpose in this article and in its sequel [R5] is to propose 
the systematic use of certain discretizations of geometric evolution equations as an 
approach to the study of the existence problem of certain elliptic partial differential 
equations of a geometric nature as well as a means to obtain interesting dynamics 
on certain infinite-dimensional spaces. We illustrate the fruitfulness of this approach 
in the context of the Ricci flow, as well as another flow, in Kahler geometry. We 
describe how this approach gives a new method for the construction of canonical 
Kahler metrics. We also introduce a number of canonical dynamical systems on the 
space of Kahler metrics that we believe merit further study. Some of the results and 
constructions described here were announced previously [R3]. 

Given an elliptic partial differential equation, several classical methods are avail- 
able to approach the problem of existence of solutions. In essence, standard elliptic 
theory reduces the existence problem to the demonstration of certain a priori esti- 
mates for solutions. The main difficulty lies therefore in devising methods to obtain 
these estimates. 

One common method, that goes back at least to Bernstein and Poincare, is the con- 
tinuity method. In this approach one continuously deforms the given elliptic operator 
to another (oftentimes in a linear fashion) , for which the existence problem is known 
to have solutions. Ellipticity provides for existence of solutions for small perturba- 
tions of this easier problem. In order to prove existence for the whole deformation 
path one then seeks to establish a priori estimates, uniform along the deformation, 
for solutions of the family of elliptic problems. 

Another approach, drawing some of its motivation from Physics, is the heat flow 
method, going back to Fourier. Here the idea is study a deformation of the elliptic 
problem according to a parabolic heat equation whose equilibrium state is precisely 
a solution to the original elliptic equation. Much of the standard elliptic theory has a 
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parabolic counterpart. First, one makes use of the latter in order to establish short- 
time existence. Long-time existence and convergence then hinge upon establishing a 
priori estimates, as before. 

A third approach, going back, among others, to Euler and Cauchy, is the discretiza- 
tion method, that can be considered as a blend of the two above. Here the idea is to 
replace an evolution equation (or "flow" ) by a countable set of elliptic equations that 
arise by repeatedly solving a difference equation corresponding to discretizing the 
flow equation in the time variable. This approach provides common and elementary 
numerical algorithms, the Euler method and its variants, and is widely used in the 
"real world" , for example to numerically integrate differential equations. 

In this article we wish to explore this third approach in the context of certain 
geometric evolution equations. To the best of our knowledge, it seems that it has not 
been used before in a systematic manner in this context. 

We would like to emphasize that when a particular elliptic equation has a solution 
one morally expects all three methods to converge towards such a solution. Therefore 
one should not take as a surprise the fact that the discretization method converges in 
some of the cases we consider. The crux is thus not the convergence itself but rather 
the new point of view and insights that this method provides; both to the study of 
the original elliptic problem as well as to the understanding of the evolution equation, 
the continuity method and the relation between the two. In addition, one may obtain 
in this way non-trivial canonical discrete dynamical systems on infinite-dimensional 
spaces that may be of some interest in their own right. 

Let us consider as a simple illustration the Laplace equation on a bounded smooth 
domain Q in M 71 . The elliptic problem is then to find a function u satisfying 

Au = 0, on S7, 

(1) 

u = tp, on <9S7. 

Consider then the difference equations 

u k - u k -i = Au k , on fi, 
u k = Y>, on dfl, 
uq = u, 

where u is any smooth function that agrees with the smooth function ip on the 
boundary. Thus, one may write 

u k = (-A + l)" 1 o • • • o (-A + l)~ l u. 

One may then readily show that the sequence {u k } k >o exists for each k G N and 
converges exponentially fast in k to the unique solution of (1). 
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To give further intuition as to why this method works we consider the following 
finite-dimensional problem: Given a positive semi-definite matrix A and a vector v, 
find the projection of v onto the zero eigenspace of A. One possible solution is to 
consider the sequence of vectors defined iteratively by 

v k = (A + I)~ 1 v k -i, 
v = v. 

Then Vk exists and is the required projection. This algorithm is nothing but 

the discretization of the flow 

v(0) = v. 

Discretizations corresponding to different time steps will produce equivalent dynam- 
ical systems 

v k = (tj4 + /)~V-i, 
v = v, 

whose convergence is faster the larger the time-step r 6 (0, oo), with r and the first 
non-zero eigenvalue of A controlling the exponential factor of the speed of conver- 
gence. 

2 Constructing canonical metrics in Kahler geometry. In this article we 
wish to apply the method described in the previous section towards the study of 
canonical Kahler metrics and the space of Kahler metrics. In this section we very 
briefly describe the problem and some background. We refer to [A3,Bes,Fl,Si,T6] for 
more background. 

The search for a canonical metric representative of a fixed Kahler class has been at 
the heart of Kahler geometry since its birth. Indeed, in his visionary article Kahler 
defined the eponymous manifold motivated by the fact that in this setting Einstein's 
equation simplifies considerably and reduces to a second order partial differential 
equation for a single function [K] , namely, the local potential u which represents the 
Kahler form oj on the open domain U via co\u = \f—^ddu must satisfy 



det 



8 2 



u 



dz l dzi 



on U, 



where fj, is the Einstein constant. Two decades later, following Chern's fundamental 
work on characteristic classes, Calabi introduced the concept of the space of Kahler 
metrics in a fixed cohomology class and formulated the problem on a compact closed 
manifold as an equation for a global smooth function (Kahler potential) <p, 
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where / w satisfies v 7 — ^ddf u = Riccj — /xcj. This showed that a necessary condition 
for the existence of solutions is that the first Chern class be definite or zero. Calabi 
proposed that this equation should always admit a unique solution in each Kahler 
class when /x = 0. In addition he suggested the study of a more general notion, that 
of an extremal metric [C1.C2]. Since then much progress has been made towards un- 
derstanding when such metrics exist. Regarding Kahler-Einstein metrics, the most 
general result in this direction is given by the work of Aubin in the negative Ricci 
curvature case [A] and by Yau in the case of nonpositive Ricci curvature which pro- 
vided a solution to Calabi's conjecture [C1,Y]. Following this much work has gone 
into understanding the positive case, notably by Tian who provided a complete so- 
lution for complex surfaces, in addition to establishing an analytic characterization 
of Kahler-Einstein manifolds and a theory of stability [T1.T2]. For general extremal 
metrics however a general existence theory is not presently available although a con- 
jectural picture, the so-called Yau-Tian-Donaldson conjecture, suggests that it should 
be intimately related with notions of stability in algebraic geometry [Th]. 

The principal tool in the study of Kahler-Einstein metrics has been the continuity 
method, as suggested initially by Calabi [C2], and later studied by Aubin and Yau. In 
the remaining case (fi > 0) Bando and Mabuchi showed that the continuity method 
will converge to a Kahler-Einstein metric when one exists [BM]. Another important 
tool has been the Ricci flow introduced by Hamilton [H] in the more general setting 
of Riemannian manifolds. Cao has shown that the continuity method proofs for the 
cases \x < may be phrased in terms of the convergence of the Ricci flow [Ca] . Later, 
much work has gone into understanding the Ricci flow on Fano manifolds and recently 
Perelman and Tian and Zhu proved that the analogous convergence result holds in 
this case [TZ4]. 

The idea that there might be another way of approaching canonical metrics, in 
the form of a discrete infinite-dimensional iterative dynamical system, was suggested 
by Nadel [N2]. More recently, Donaldson has proposed a program for the construc- 
tion of constant scalar curvature Kahler metrics on projective manifolds using finite- 
dimensional iteration schemes and balanced metrics which are in essence computable 
[Do3]. 

The main motivation for our work came from trying to approach Nadel's basic 
problem: Find an (infinite-dimensional) iterative dynamical system on the space 
of Kahler metrics that converges to a Kahler-Einstein metric. In his note Nadel 
suggested one such dynamical system on Fano manifolds which, as we explain below, 
is not suited to the problem (see §§10.6). Nevertheless his idea is related to the right 
answer, and it is our purpose in this article and its sequel to describe our approach 
to Nadel's problem and some of its consequences. 

Setup and notation. Let (M, J, g) be a connected compact closed Kahler manifold 
of complex dimension n and let Q G H 2 (M,R) n iJ 1 ' 1 (M, C) be a Kahler class with 
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d = 8 + 8. Define the Laplacian A = —8 o 8* — 8* o 8 with respect to a Riemannian 
metric g and assume that J is compatible with g and parallel with respect to its 
Levi-Civita connection. Let g He rm = 1/tt ■ g i j(z)dz l (g> dzi be the associated Kahler 
metric, that is the induced Hermitian metric on (T 1,0 M, J), and let to := to g = 
%/— T/27T • g i j(z)dz l A dz j denote its corresponding Kahler form, a closed positive 

(l,l)-form on (M, J) such that g Heim = \g — ^^oj. Similarly denote by g w the 
Riemannian metric induced from uj by g u (-,-) = lu(-, J ■). 

For any Kahler form we let Ric (to) = —\/—l/2ir ■ 88 log det(g i j) denote the Ricci 
form of w. It is well-defined globally and represents the first Chern class c\ := 
c 1 (T 1 '°M, J) € H 2 (M,7j). Alternatively it may be viewed as minus the curvature 
form of the canonical line bundle Km, the top exterior product of the holomorphic 
cotangent bundle T 1,0 *M. One calls u Kahler-Einstein if Ricw = au> for some real 
a. The trace of the Ricci form with respect to u is called the scalar curvature and is 
denoted by s(u). The average of the scalar curvature is denoted by sq and does not 
depend on the choice of u G Tin ■ Nor does the volume V = Q n ( [M] ) . 

Let H g denote the Hodge projection operator from the space of closed forms onto 
the kernel of A. Denote by the space of all closed (1, l)-forms cohomologous to 
f2, by Hq the subspace of Kahler forms, and by the subspace of Kahler forms 
whose Ricci curvature is positive (nonempty if and only if c\ > 0). 

For a Kahler form u with [to] = Q we will consider the space of smooth strictly 
(j-plurisubharmonic functions (Kahler potentials) 

= G C°°(M) : uj v := u + ^188^ > 0}. 

Let Aut(M, J) denote the complex Lie group of automorphisms (biholomorphisms) 
of (M, J) and denote by aut(M, J) its Lie algebra of infinitesimal automorphisms 
composed of real vector fields X satisfying = 0. Let G be any compact real 
Lie subgroup of Aut(M, J), and let Aut(M, J)o denote the identity component of 
Aut(M, J). We denote by Hn{G) C Tin and Hu,(G) C the corresponding sub- 
spaces of G-invariant elements. 



3 The Ricci iteration. In this section we introduce the Ricci iteration and 
describe some of its elementary properties. 

Hamilton's Ricci flow on a Kahler manifold of definite or zero first Chern class is 
defined as the the set {oo(t)} te ^ + satisfying the evolution equations 

= -Ric u(t)+fiu;(t), t 6 R + , 
w(0) =ueHn, 

where O is a Kahler class satisfying [xQ = c\ for some (see, e.g., [Cho]). We 

will sometimes refer to the equations (2) themselves as the Ricci flow. 
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We introduce the following dynamical system that is our main object of study in 
this article. It is a discrete version of this flow. 

Definition 3.1. Let Q be a Kahler class satisfying liQ = c\ for some /j£R. Given 
a Kahler form to 6 Hq and a number r > define the time r Ricci iteration to be 
the sequence of forms {uJkr}k>o Q 'Hn, satisfying the equations 

Ukr = ^(fc-i)r + THUJ k T - rRica;fc T , k € N, 

(3) 

= w, 

/or each k € N /or u>/uc/i a solution exists in Hq . 

We pose the following elementary conjecture concerning the limiting behavior of 
the Ricci iteration in the presence of fixed points. 

Conjecture 3.2. Let (M, J) be a compact Kahler manifold admitting a Kdhler- 
Einstein metric. Let Q be a Kahler class such that fid = c\ with /j£l. Then for 
any u G Tin and for any r > 0, the time r Ricci iteration exists for all k € N and 
converges in the sense of Cheeger-Gromov to a Kahler- Einstein metric. 

Regarding this conjecture we prove in this article the following simple result. 1 

Proposition 3.3. Let (M, J) be a compact Kahler manifold admitting a unique 
Kahler- Einstein metric. Let Q be a Kahler class such that /xf2 = c\ with fj, € R. Then 
for any uj £ Tin and for any r > 1/fx ( when fi>0)orr>0( when fx < 0), the time 
t Ricci iteration exists for all k 6 N and converges to a Kahler- Einstein metric. 

Now, let the Ricci potential / : ip G — > 6 C°°(M) be the vector field on 
Huj satisfying 

V^ldBf^ = Ric^ -u> v , \-\ e^uj^ = 1. (4) 

For each k write 

^fcr = W^ T , With Vfcr = 5^ Wr- 

1 = 1 



We refer the reader to the sequel [R5] where we intend to discuss some of the remaining cases. 
These cases that we also find of significant geometric interest require more involved and detailled 
analysis. Also we wished to keep this first article's length reasonable as well as not to further delay 
this first part that introduces our main constructions and ideas regarding discrete dynamical systems 
on the space of Kahler metrics. 
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The iteration (3) on Tin can be written as the following system of complex Monge- 
Ampere equations on H^, 

UJ^ = (J^e^HVHr-^Hr = ^ _ ^ ^ ^ g ( £ ~**) <Pk r ~ ± V ( U - 1) r j g N (5) 

(implicit in this equation is also a normalization for ifk T that eliminates the ambiguity 
in passing from an equation on TCq to one on 7i u ). 
We now mention some basic features of the iteration. 

The most elementary one is that at each step one gains regularity (two derivatives). 
This is a discrete version of the infinite smoothing property of heat equations. 

Another distinctive feature of the iteration is that it turns the solution of each 
type of Monge- Ampere equation into the next simplest one. Indeed, to find a Kahler- 
Einstein metric of negative scalar curvature — n one needs to solve the equation 

w£ = u n e f « +v . (6) 

The corresponding time one Ricci iteration requires solving at each step the equation 

Similarly, the Calabi-Yau equation 

w; = wV-, (8) 

is traded for a sequence of equations of the previous type (6), and finally, the most 
difficult equation, 

w « = (J n e f "-' p , (9) 

for a Kahler-Einstein metric of positive scalar curvature n, is turned into a sequence 
of Calabi-Yau equations (8) via the time one iteration, or to a sequence of equations 
of the type (6) for smaller time steps. 

We now discuss the link the iteration creates between classical continuity method 
paths and the heat equation. In several places in the literature on canonical metrics 
it is mentioned that the continuity method and the heat flow method are morally 
equivalent (see, e.g., [J,Si]). The following discussion comes to make this statement 
somewhat more explicit. 

Indeed, note that one may also consider the time step of the iteration as a dy- 
namical parameter and study the continuity method path it defines. More precisely, 
the time r Ricci iteration is given by a sequence {wfc T }fc>i of Kahler forms in Hq 
satisfying 

Wfcr = W(fc-l)r + TfiUJ kT - rRic LV kr , IV = U, (10) 
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for each k € N for which a solution exists. Now set k = 1 and consider the path 
{u T := u>ip T } T >o in Hq (for each r for which it exists). In we obtain the path 

uj™ t = w '» e /«+(7-f)vr j r€ (o,oo). (11) 

Let us compare this path to others that appeared previously in the literature. 
In the case \x = 1, when restricted to the segment r > 1 this is just a reparametriza- 
tion of Aubin's path [A2] given by 

*€[0,1], (12) 

via s = 1 . Here the solution for (12) at s = is given by the Calabi-Yau Theorem. 

Namely, one typically first solves the family of equations introduced by Calabi [C2, 

(ii); Y] 

u,£ a = uj n e {s+1)f " +c % s€[-l,0], (13) 

and then continues to work with the path (12). 

For the path (11) we still need to invoke the Calabi-Yau Theorem to show closed- 
ness at r — > 1~. However, this path can be viewed as a continuity version of the Ricci 
flow and has various monotonicity properties that (13) does not. When studying the 
Ricci iteration for the case Q = c\ this will be useful (note also that this path may 
be used in place of (13) to prove the Calabi-Yau Theorem). 

Remark 3.4. We note that Calabi's path (13) can in fact be interpreted as a 
continuity path arising from a flow, however not the Ricci flow, see (42) below. 

In light of this relation to the continuity method, the Ricci iteration is seen to 
interpolate between the continuity method (r = oo) and the Ricci flow (r = 0). 
Cao and Perelman proved that when a Kahler-Einstein metric exists, the flow will 
converge to it in the sense of Cheeger-Gromov. Aubin, Bando-Mabuchi and Yau 
proved the analogous result for the continuity method. These results are the main 
motivation for Conjecture 3.2. 

Next, in the case ji = — 1, the continuity path (11) that arises from the Ricci 
iteration equation is the same as the continuity path considered by Tian and Yau 
in their study of Kahler-Einstein metrics of negative Ricci curvature on some non- 
compact manifolds [TY, p. 586] . The innovative idea of Tian and Yau was to consider 
a continuity parameter "starting from infinity" observing that along this path one 
has a uniform lower bound for the Ricci curvature. 

Now an open problem concerning the flow equation (2) with fj, > is whether one 
has a uniform lower bound for the Ricci curvature depending only on the initial data 
in the absence of a Kahler-Einstein metric. Along the time r iteration one does have 
such a bound, depending on r, namely, Riccjfc r > TfM ~ 1 ujkT- One possible approach 
to this problem might be to show that the Ricci flow stays asymptotically close to 
the time r Ricci iteration for some range of time steps r. 
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Remark 3.5. We remark that when jj, = 1 another path has been considered 
previously by Demailly and Kollar [DK, (6.2.3)], given byw™ t =u n e*f t G [0,1]. 
As written, this path also does not require to start from a solution to a Calabi-Yau 
equation. Yet in order to get openess for it one assumes Ric to > and this involves 
solving a Calabi-Yau equation (indeed there is no way to produce a Kahler-Einstein 
metric without entering Ti^ , and the Calabi-Yau Theorem amounts to Ti^ 0). 
This path can also be explained in terms of a discretization; see (43). 

Remark 3.6. Another relation between a continuity path, defined by Tian and 
Zhu, and a discretized flow, this time a modified Ricci flow, will be discussed in 
Section 9. 

4 Some energy functionals on the space of Kahler metrics. In this section 
we will obtain a monotonicity result along the Ricci iteration for a family of energy 
functionals. This result has independent interest, and it seems interesting to compare 
it with corresponding studies for the Ricci flow (see Remark 4.4). 

We briefly recall the pertinent definitions and properties of these energy func- 
tionals. For more details on this subject we refer to a previous article [R2] and the 
references therein. 

We call a real-valued function A defined on a subset Dom(yl) of T>q x Vq an 
energy functional if it is zero on the diagonal restricted to Dom(^4). By a Donaldson- 
type functional, or exact energy functional, we will mean an energy functional that 
satisfies the cocycle condition A(iui, 102) + A(ui2, ^3) = A(lui,lo3) with each of the pairs 
appearing in the formula belonging to Dom(yl) [Dol,Ml,T6]. We will occasionally 
refer to both of these simply as functionals and exact functionals, respectively. 

The functionals /, J, introduced by Aubin [A2], are defined for each pair (u,u! v := 
lo + V^ddp) € V n x V n by 

J(u;,a; v ) 

J{tjJ,UJ v ) 

We say that an exact functional A is bounded from below on U C H u if for every oj 
such that (u),u v ) G Dom(^4) and u v 6 U holds A(lo,uj v ) > C w with C w independent 
of u v . We say it is proper (in the sense of Tian) on a set U C Hn(G) if for each 
<jj 6 T~Lq.{G) there exists a smooth function v w : M — > M satisfying lim^oo ^(s) = 00 
such that A^^uj^) > v w ([I — J)(oj,oj (p )) for every lo^ G U [T4, Definition 5.1; T6]. 
This is well-defined, in other words depends only on [uj]. Properness of a functional 
implies it has a lower bound. 
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Previously [R2] we introduced the following collection of energy functionals for 
each k G {0, . . . , n}, 



fc-i 



I k {u,u v ) 



k 



V . 

y- 1 



fc + i 



(16) 



Note that /„ = J, 7 n _i = ((n + I) J - I)/n. 
For each jj, G M define the Ding functional 



-TTT7 / p5> n_, A^--logi / e 7 "-^ n , for^O, 



n + 

1 ! 

n + lV 



M 



1=0 



V 



(pe f "uj n , 



M 



for jjL = 0. 
(17) 

The critical points of these functionals are Kahler-Einstein metrics [D]. However, 
there is an important difference between the two cases in (17). While for the first the 
functional is exact, for \i = this is not true. This is because the second term of F 
is not exact on the space Hu>, while the first is. This rather peculiar phenomenon is 
reflected also by a property of the generalized Ding functional (see the end of §§10.3). 
Define the Chen-Tian functionals 

f? fc ( w , Wv ) = -J_i f [fiio k+1 - (RicLO^ - Aip) k+1 ] A^ + cp)"-* Adt. (18) 

K + 1 V Jmx[0,1] 

These are well-defined independently of the choice of path and exact [CT] . Moreover, 
in the case \i ^ 0, the functionals E k are related to the K-energy E introduced by 
Mabuchi [Ml] via the following relation: 

Proposition 4.1. Let^i^O. Let k G {0, . . . , n}. For every (u>,u> v ) G H^a x"Hnci> 
H k+1 E k (Lo,u v ) = fxE (u,u v ) + Ik(u v ,fiRicu v ) - Ik(u,ftRicu). (19) 



Proof. This relation has been previously demonstrated for the case \i = 1 [R2, 
Proposition 2.6] (recall that the case /j, = 1, k = n is a result of Bando and Mabuchi). 
In general the same proof goes through by keeping track of the constant /j,. □ 
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Finally, recall the definitions of the following subsets of the space of Kahler forms 
on a Fano manifold [R2] : 

A k (uj) = {u v G H C1 : E k (w,u v ) > 0}, (20) 
B k = {u v G H Cl ■ Ifc(^,Ric6J v ) > 0}. (21) 

When a Kahler-Einstein form u exists we denote Ak '■= Ak(u). This is well-defined 
and does not depend on the choice of the Kahler-Einstein form. We recall that both 
the sets Ak and Bk strictly contain the set , of Kahler forms of positive Ricci 
curvature (see Theorem 10.6 below for a more precise statement). 

The following monotonicity result will be useful later. For E ,F^ and E\ with 
l//i = r = 1 this was proven before [B,DT,SW]. 

Proposition 4.2. (i) The functional E is monotonically decreasing along 

the time r iteration (t > 0) whenever the initial point is not Kahler-Einstein. 
(ii) When = r = 1 the same is true for F\, E\, and, when the initial metric lies 
in Bk D 'H\, also for E k , k > 2. 

Proof. By exactness, it suffices to show monotonicity at each step of the iteration, 
(i) For concreteness we derive the result only for r = 1 but explicitly compute the 
the energy decrease along the iteration (in general see Lemma 9.3, stated for fj, = 1, 
that works for all fj). Consider the equation = ^"e^"'' 1 " 1 ^ 1 . One has [Chel; 
T4, p. 254; T5, (5.14)] 

1 f 0J n 1 f 

E (<J,u vl ) = - log-g-^ 1 - /i (/-J)( W ,^ 1 ) + - / U^-^J. 

v J M ^ v JM 

First, let \i = 1. One has, 

Eo(u>,u; Vl ) = -(I-J)(u>,u; Vl ) + ±-[ f^ n . (22) 

V JM 

This is nonpositive by the definition of f w and Jensen's inequality. 
When fi = —1 one has 

Eo(u,u Vl ) = ^f +(/- J)(w,w Vl ) + i / f w u n 

v JM v JM 

= \-\ 2^ + 1/ (pi ( (J n -u^)-J(u,u tpi ) + ^ f f^ n 

v JM v JM v JM 

= -(/ + JX^j + i / (f u + 2< Pl )u n . 

v JM 

Each term is nonpositive, once again by using the normalization inherent in (7). 
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When \x = one has 

Eo(u,u Vl ) = - I + - I 

v J M v JM 

= -I(u,u; !pi ) + ^- [ CL + </?iV\ 

v JM 

and we may argue as before, 
(ii) Using (14)-(15) and (17) one has 

Fi(uj,uj Vi ) = -(I - J)(u,u Vl ) 
= -{I- J)(u,u V i) 

By Jensen's inequality the last two terms combined are nonpositive, and so we con- 
clude by the positivity of I — J. (Alternatively, the iteration stays on the submanifold 
of TL U defined by the equation y J M = 1 and hence the third term is iden- 

tically zero, while the second one is negative, again by a special case of Jensen's 
inequality: 1 - £ J M <p 1( j? < ± J M e^u? = ± J M ^ = 1.) 
Next, when l//x = r = 1 Proposition 4.1 gives 

E k (LO,LO Vl ) = Eq^.uj^) + ^(u^Ricu;^) - h(v, Ric lu). (25) 

Next, recall the inequality I k < J [R2, (9)]. Since in our case Ricu;^ =w we deduce 
from (25) and (22) that 

E k (u,u vi ) < -(I - J)(uj,u v1 ) + J(u v>1 ,u) - I k (u,Ricu). 

Since J(tu, lu Vi ) + J(uj Vi , to) = I (to, to Vl ) , one has E k (oj, tu Vl ) < if I k (to, Ric to) > 0, 
or in other words, if a; € B k . Finally, note that the subspace B k is preserved under 
the iteration since, in fact, after the first step the iteration will stay in □ 

Remark 4.3. An alternative derivation of the second part of (ii) could be to 
choose a particular path connecting to and lo\ and note that each of the contributions 
has a preferred sign. For example, choosing Calabi's continuity path (13) produces 
three terms of which two are evidently nonnegative. However then one still needs 
to manipulate the third term which comes up, — -j^pj f M S»=i (X+i) f<*>W ~ fddf w ) % A 
Lo n ~ z , and argue that it equals precisely I k (uj, Rica;) and then use the results of [R2] 
as above. However to derive (i) for all time steps one needs to use instead the path 
(11) along which E is monotonic, as alluded to after (13) above. 



v , 


/ 

JM 


- log 


1 

: v 


V , 


[ Vl< 
JM 


- log 


1 

'V 



(23) 



' M 



I M 



e"^. (24) 
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Remark 4.4. Here it is interesting to compare with the Ricci flow. One knows that 
Fx , E are monotonically decreasing along the flow and that as long as Ric uj > — oj 
the same is true for E\ [CT, §§3.3, Proposition 4.9]. However an analogous result is not 
known along the Ricci flow for Ek, k > 2. In the case that a Kahler-Einstein metric 
exists one knows that the flow will converge. One also knows that when restricted to 
the space Bk the functional Ek attains a minimum precisely on the space of Kahler- 
Einstein metrics, however that outside this space it is not true that these functionals 
are bounded from below on H C1 [R2, §5] (see also §§10.2 below). Thus all that is 
apparent at the present moment is that once the flow stays in Bk , the functional Ek 
will eventually decrease, however even then we do not know whether this will happen 
monotonically. 



5 The Ricci iteration for negative and zero first Chern class. In this section 
we prove the existence and convergence of the Ricci iteration in the case that either 
ci < and fl = — ci, or that c\ = and fl is an arbitrary Kahler class. 

We start with a result that is a simple consequence of the theory of elliptic complex 
Monge- Ampere equations. This result is the existence part of Proposition 3.3 in the 
cases under consideration. 

Lemma 5.1. Let (M, J) be a compact Kahler manifold whose first Chern class is 
negative or zero. When c\ = denote by fl a Kahler class; otherwise let fl = \ic\ 
denote a Kahler class with jj, < 0. Then for any uo 6 Hn, the time r Ricci iteration 
exists for all k G N and all r 6 (0, oo). 

Proof. It is enough to show existence for one step of the iteration in order to show 
the iteration exists for each fceN (by repeating the argument at each step). 
Fix r 6 (0, oo). The existence of u>i amounts to solving the equation 

(jO\ = ojq + Tfj,uJi — rRictJi. 

Let u Vl = u>i with ipi € H u . This can be written as a complex Monge- Ampere 
equation: 

oj^=uj n e^ + ^-^\ [ u n e f " + ^-^ = V. (26) 

J M 

Under the assumption jjl < 1/r, and hence in particular if // < 0, the maximum 
principle gives an a priori L°° estimate on ip\. Then the work of Aubin and Yau 
[A1,Y] immediately applies to give higher-order estimates. We conclude that a unique 
solution uj ipi 6 Hn exists. □ 

We now turn to the proof of the convergence statement of Proposition 3.3 in the 
cases under consideration. 
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Proof of Proposition 3.3 (\i < 0). Assume first that c\ < and let ft = —c\. We 
have the following system of Monge- Ampere equations: 

uj™ kT = w V»^+r^ , k € N. 

We first prove an a priori uniform bound, independent of k in an inductive manner. 
The first equation reads lo™ t = ui n ef" + ^ 1+ ~^' PT . At the maximum of ip T we have ui ipT < 
uj and thus (1 + 7) sup ip T < — inf f u . A similar argument at the minimum of ip T gives 
— (1 + ^) inf ip T < sup/ w . The second equation reads u™ t+IP2t = cj^e~~ v ' r+ ( 1+ ~^ 2T . 
The maximum/minimum principle now gives (1 + -) sup^r < _ sup 93 T and — (1 + 
±)hn> 2 T < -Mnfyv or supy> 2 r < - (1H T r) a inf f u and -inf^r < pj^p sup/^. 
We then have sup -0fer < — inf / w , — inf ^fc r < sup f w . This uniform bound implies 
the existence of an a priori C 2 ' a bound on ipkr, independently of k. As a result, 
by elliptic regularity theory, a subsequence converges to a smooth solution which we 
denote by -0oo- In fact the convergence is exponentially fast and there is no need to 
take a subsequence: | |V>fcr — ip(k-i)r\ lc 2 >° <Cr(l + r) _fc . 

Now, by Proposition 4.2, we notice that unless ujq is itself Kahler-Einstein, the 
functional Eq is strictly decreasing along the iteration. In particular, since Woo is a 
fixed point of the iteration it must be Kahler-Einstein. 

We now consider the case \i = 0, for which we have the following system of 
equations, 

We may rewrite this as uf^ h = uf^ fc i e~^ (f(k - 1 ^ T+ ^ LpkT from which we have sup ipk T < 
sup</?(fe_i) T < . . . < — r inf / w . Therefore we have 

||e / " + -^|| L o 0(M) < e osc/ ", VfcGN. 

Now, by Yau's work it follows that there exists an a priori C 2 ' a bound on in- 
dependently of fe. Combined with the monotonicity result it follows, as before, that 
a subsequence converges to a Kahler potential of a Kahler-Einstein metric. More- 
over, since the Kahler-Einstein metric is unique (in each fixed Kahler class) [C2] any 
converging subsequence will necessarily converge to the same limit point. This then 
implies that our original sequence converges to this limit. □ 

6 The Ricci iteration for positive first Chern class. We turn to the study 
of the iteration on Fano manifolds that, as noted in the Introduction, is our main 
motivation for introducing the Ricci iteration. Most of the applications described in 
Section 10 are for this class of manifolds. 

We first introduce an operator that arises very naturally although it seems to have 
not been defined previously in the literature. It exists and is well-defined by the 
Calabi-Yau Theorem [Y]. 
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Definition 6.1. Define the inverse Ricci operator Ric _1 : V Cl — > H C1 by letting 
Ric ~ 1 lo := lo v with lo v the unique Kahler form in TL Cl satisfying Ric lo v = lo. Similary 
denote higher order iterates of this operator by Ric ~ l for each I G N. Let Ric := Id 
denote the identity operator. 

There exists a generalization of this operator to any Kahler manifold (Defini- 
tion 8.1). For another direction in which this operator may be generalized see Defi- 
nition 9.2. 

We then see that the dynamical system corresponding to the time one Ricci iter- 
ation on a Fano manifold with /j, = 1 is nothing but the evolution of iterates of the 
inverse Ricci operator, 

u>i = Ric ~ 1 lo . 

The following result concerns the "allowed" time steps in the iteration for any Fano 
manifold and is well-known. Note that unlike in the previous, unobstructed, cases, 
the allowed range for the time step is restricted unless an analytic "semi-stability" 
condition holds. 

Define 

t~m{G) = sup{ t : (11) has a solution for each r G (0, t) and lo G H Cl {G)}. (27) 

By definition this is a holomorphic invariant. Recall also the definition of Tian's 
invariants [T1.T3] 

a M (G)=sup{a: sup \- [ e - a(ip - suptp) LO n < oo}, (28) 
(3 m {G) = sup{ b : Ricuj >bu, uj € Hn(G)}, (29) 
where in (28) uj is any element of H Cl (G). 

Lemma 6.2. Let (M, J) be a Fano manifold and let G be a compact subgroup of 
Aut(M,J). 

(i) For any lo € H Cl {G), the time r Ricci iteration exists for all k G N and all 
t G [0,r M (G)). One has x _^ m{g) > r M (G) > \ max{1 _ (n+1 ) aM{G)/nM \ > 1 - 

(ii) Assume that E is bounded from below on Tt^^G). Then tm{G) = oo. 

Proof, (i) By the Calabi-Yau Theorem tm{G) > 1. According to Tian [Tl] the path 
(12) exists for each s G [0, (n + l)aM(G)/n) n [0, 1] whenever lo G H Cl (G). Note that 
r = 1/(1 — s) and that aif(G) > 0. 

(ii) This is equivalent to a result of Bando and Mabuchi [BM, Theorem 5.7]. □ 

Combined with Theorem 10.7 we therefore obtain the existence part of Proposi- 
tion 3.3 for /i > 0. 
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Corollary 6.3. Let (M, J) be a Kdhler- Einstein Fano manifold. Then for any 
uj 6 H Cl , the time r Ricci iteration exists for all k 6 N and all r G (0, oo). 

We now turn to the proof of the remaining part of Proposition 3.3. The argument 
is essentially due to Bando and Mabuchi [BM]. We assume for simplicity, as in the 
statement of the theorem, that aut(M, J) = {0} (for the additional details necessary 
for the general case we refer to [R5] (see also §9)). For the case fj, = 1 we are solving 
the system of equations 



Let G kT be a Green function for -A fcT = -Ag^^ satisfying J M G kr (-,y)u^ kT (y) = 
0. Set A kr = — inf^xM G kr . Since — n < A ip kT and n > A kT ip kT the Green formula 
gives 

tpkr(x) - — [ tpkrUJQ = " 77 / G (x,y)A il) kT (y)uQ(y) < nA , 

V JM V JM 

' / ^r^ tr = - 77 

' M v JM 



i>kr(x) - — / ipkrUJ^ = - 77 / G k r(x,y)A kT tp kT (y)uj^ kT (y) > -nA kl 



Hence 

osc-0/tr < n(A + A kT ) + I(u ,u;^ kT ). (31) 

Since by Theorem 10.7 (ii) Eq is proper on TC Cl in the sense of Tian, if Eq(uj,-) 
is uniformly bounded from above on a subset of TC Cl so is I(u>,-). By the mono- 
tonicity of E along the iteration we conclude that I(u),u)^ kT ) is uniformly bounded 
independently of k. 

It remains to bound A kT . This can be done using a special case of Bando and 
Mabuchi's Green's function estimate that we now state. 

Theorem 6.4. [BM, Theorem 3.2] Let (N,h) be a connected compact closed 
Riemannian manifold of nonnegative Ricci curvature. Let Gh denote the Green func- 
tion of d* h o d + d o d* h satisfying J N G(x,y)dVh(y) = for each x 6 N and let 
A h = - inf MxM G h . Then 

diam(iV,/i) 2 



A h < a 



n 



Vo\(N,h) ' 
with c n depending only on n. 

Now, along the iteration it holds Ricwfc > (r — l)oo k > 0. By Myers' Theorem [P, 
p. 245] then 

diam(M,w fc ) 2 < vr 2 (2n- l)/(r- 1). (32) 
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Set ipkr '■= ipkr — y Im^t^™- N° w Theorem 6.4 and equations (31)-(32) yield 
the estimate ||i/>fc T ||.L oc < C. As in Section 5, the general theory of Monge- Ampere 
equations now provides for uniform higher derivative estimates. We may thus extract 
a converging subsequence from {ipkr}k>o- Thanks to the monotonicity of E it must 
converge to a Kahler potential for a Kahler-Einstein metric. Since such a metric is 
unique [BM, Remark 9.3] the same argument as before gives the convergence of the 
full orbit of the Ricci iteration. □ 



7 The Kahler-Ricci flow and the Ricci iteration for a general Kahler class. 

A natural question is whether on an arbitrary Kahler manifold one may define an 
iteration scheme generalizing the Ricci iteration. To answer this question of course 
one first needs to generalize the Ricci flow itself. In this section we recall one such 
possibility. We end with a conjecture regarding the convergence of this iteration. 

A flow on the space of Kahler forms Hq can be considered as an integral curve 
of a vector field on this space. A vector field x on is an assignment to i— > S 
C°° (M) /R. The Ricci flow describes the dynamics of minus the Ricci potential vector 
field — /. Recall that the vector field / is the assignment ui i— > / w with f w defined by 
Rica; — /jluj = ^—Iddf^, /i € R, where /jlQ = c\. 

The Ricci iteration in turn can be thought of as a piecewise linear trajectory in 
Tin induced from the Ricci potential vector field — / and approximating its integral 
curves. 

Motivated by this one is naturally led to extend the definition of the Ricci flow (2) 
to an arbitrary Kahler manifold, simply by defining the flow lines to be integral curves 
of minus the Ricci potential vector field —/on Tin, with Q an arbitrary Kahler class. 
Recall that the Ricci potential is defined in general by Rica; — -ff^Ricu; = y/—lddf u . 
The resulting flow equation can be written as 

= -Ricuj(t) + H t mcu(t), t 6 R_|_, (33) 

LO(0) = U, 

for each t for which a solution exists in TCq (throughout subscripts are meant to 
indicate that the relevant object corresponds to the metric indexed by that subscript). 
This flow, introduced by Guan, is part of the folklore in the field although it has not 
been much studied. 2 



2 

It seems that Guan first considered this flow in unpublished work in the 90's (see references to 
[Gl]). After completing this article I also became aware, thanks to G. Szekelyhidi, of a recent preprint 
[G2] posted by Guan on his webpage in which this flow is studied. We hope that the elementary 
discussion in this section is still of some interest even though it was written before learning of [G1.G2] . 
For a different but related flow see [S] . 
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Corresponding to this flow we introduce the following dynamical system on Tin 
which generalizes Definition 3.1. 

Definition 7.1. Given a Kdhler form u 6 Tin let the time t Ricci iteration be the 
sequence of forms {i^kr}k>o, satisfying the equations 

^kr = ^(fc-i)r + rH kT Ricuj kT - rRicw feT , fceN, 

(34) 

UJQ = U), 

for each k £ N for which a solution exists in Hq. 

As in Section 3, setting k = 1 and varying r defines a continuity path that is of 
independent interest. 

An observation that goes back to Calabi characterizes the equilibrium state of the 
flow and the iteration. 

Lemma 7.2. [CI, Theorem 1] The Ricci form of a Kdhler metric is a harmonic 
representative of c\ with respect to the metric if and only if its scalar curvature is 
constant. 



Proof. One has 

wRiccj f\u n ~ l = tr^Ricw uj n = s(uj)uj n . 

Since ui is a harmonic representative of its class, we see that s(to) is harmonic, i.e., 
constant, if and only if Riccj is. □ 

An infinitesimal automorphism X 6 aut(M, J) naturally induces a vector field ip x 
on Tin given by 

i) x : lo h-> V* € C°°(M)/R, where C x u = y^Tddip* . (35) 

Recall the following generalization of the notion of a constant scalar curvature Kahler 
metric, due to Guan. Alternatively it may be seen as a generalization of the notion 
of a Kahler-Ricci soliton to an arbitrary class. 

Definition 7.3. [Gl] Let X € aut(M, J). A Kdhler metric oo will be called a 
Kahler-Ricci soliton if it satisfies 

Ricw — i^^Ricu; = Cx^>- (36) 

Equivalently, if the vector field ip x — f on H[ u ] has a zero at u>. 

Motivated by the results for Kahler-Einstein manifolds we believe the following 
conjecture should hold. 
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Conjecture 7.4. Let (M, J) be a compact closed Kdhler manifold, and assume 
that there exists a constant scalar curvature Kdhler metric representing the class Q*. 
Then for any lo € Tin, the Kdhler- Ricci flow (33) and the Ricci iteration (34) exist 
and converge in an appropriate sense to a constant scalar curvature metric. 

Similarly, we believe an analogous result should hold for Kahler-Ricci solitons (36) 
using the twisted constructions of Section 9. 



8 Another flow and the inverse Ricci operator for a general Kahler class. 

Our purpose in this section is to explain why the inverse Ricci operator — that ap- 
peared as a very singular iterative construction for anticanonically polarized Fano 
manifolds — is in fact a special case of a more general construction on any Kahler 
manifold. This gives another application of our approach explained in the Introduc- 
tion since it involves a discretization of another geometric flow equation. 
To that end, given a Kahler form uj let us consider the flow equations 

d Rl ^ (t) = -Ricw(t) + H t Ricu(t), t e M+, 

U(0) = CO, 

for each t for which a solution exists. 

The following brief and informal discussion comes to motivate this definition. Con- 
sider the case when the first Chern class is definite \ {0} with Q = /ici), or 
zero (ft is arbitrary), and take uj £ Tin. The evolution equation then becomes 

dRic uj(t) . . . . . , 
= -Ricu(t) + ijw(t). (38) 

Assume momentarily that the flow preserves the Kahler class and that it exists on 
some time interval [0, T}. Then on the level of potentials it can be written as 

-A t <Pt = lo S-^ +^<A - U + <h, fo = const, (39) 
or as a Monge- Ampere equation 

w;=i l )V»" TO " At «" a, 1 (40) 

with a t a certain normalizing constant. Set u := A t <#. A time derivative of (39) 
gives 

du „ 

— = -u + (iGtu + bt, 

dt 
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with b t another normalizing constant. One may show that 

\\u\\l^(Mx[o,t]) < Ce~*, 

when jj, < and that |M|l°°(Mx[o,t]) < Ce^/ Al W -1 )*, when \i > 0, where Ai(i) is 
the first nonzero eigenvalue of — A t . The constant C depends a priori on t. Going 
back to (40) one may show an a priori estimate ||<a||l°°(mx[o,t]) < C\, with C\ 
depending only on co, whenever /U < 0. This then implies a priori estimates on higher 
order derivatives. Finally, take a converging subsequence. Along this subsequence 
Ai is uniformly bounded away from zero. Going back to the exponential decay of u 
we apply uniform Schauder estimates to conclude that (pt is uniformly decaying. It 
then follows that the limit is a Kahler-Einstein metric. By uniqueness of the metric 
one then argues, as earlier on, that the flow itself converges exponentially fast to a 
Kahler-Einstein metric. On the other hand, the case ji > would require more work, 
quite likely in the spirit of the corresponding result for the Ricci flow [Ca,TZ4] (cf. 
also [A2,BM]). 

Motivated by this discussion, we introduce the following dynamical system on Ttfi 
obtained as the time one Euler method for this flow: 

Riccjfc+i = HkRicuJk, k G N, 

UJq = UJ. 

It can be thought of as describing the dynamics of a generalized inverse Ricci operator. 
This motivates the following definition, generalizing Definition 6.1 to an arbitrary 
Kahler manifold. 

Definition 8.1. Define the inverse Ricci operator Ric^ 1 : Tin — •> Tin by letting 
Ric^w := oj^ with oj^ the unique Kahler form in Hn satisfying Ricu;^ = H^Kiccu. 
Similary we denote higher order iterates of this operator by Ric ^ l for each I G N. 

Calabi-Yau manifolds are singled-out as those manifolds for which this operator is 
a constant map. In general the dynamics of this operator seem intriguing. 

We end this section with two remarks regarding continuity method paths induced 
from the flow (38), directly continuing the discussion in Section 3. First, it is in- 
teresting to note that discretizing this flow for time steps r 6 [0, 1] gives rise to the 
well-known continuity path of the Calabi-Yau Theorem (here ji = 0) introduced by 
Calabi [C2, (ll)], 3 

Riccj^ T -Riccj = -rRicw => e rf " +d ^ LO n = u n (42) 



13 To obtain this path in the equivalent setting of the search for a Kahler metric with prescribed 
Ricci form, one considers the flow obtained by replacing the harmonic projection term in (37) by a 
prescribed form representing C\. 
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with dr = - log £ f M e^u/\ t € [0, 1]. 

The K-energy decreases along this path, however not monotonically in general. 
This is in contrast to the continuity path arising from the Ricci iteration and fits- 
in well with what we would expect: the former arises from the Euler method (as 
opposed to the backwards Euler method) and so one does not expect monotonicity, 
nor convergence for large enough time steps. 

Also, we remark that the backwards Euler method of the same evolution equation 
(38) yields the continuity path 

^ = w "e^ (/ "- w) , r > 0, (43) 

that coincides in the case \i = 1, after reparametrization, with the continuity path 
used by Demailly and Kollar alluded to earlier (Remark 3.5). 

9 The twisted Ricci iteration and a twisted inverse Ricci operator. When 
searching for canonical metrics, the presence of continuous symmetries has tradition- 
ally required additional analysis. Although the arguments are very similar to the 
previous sections, there are certain differences. In this section we merely introduce 
some of the dynamical constructions relevant to this case which will be further used 
and studied in the sequel [R5] in the setting of convergence towards Kahler-Einstein 
metrics with continuous symmetries and Kahler-Ricci solitons (or multiplier Hermi- 
tian structures). We also state a monotonicity result that will be used in §§10.6. 

In the presence of holomorphic vector fields one oftentimes modifies the flow equa- 
tion by a time-dependent family of automorphisms [CTTZ4]. More generally, one 
may study the dynamics of a perturbation of the vector field — / by an arbitrary 
vector field x- Adapting the point of view of either Section 7 or Section 8 yields 
two ways to obtain discrete dynamics. The following definition corresponds to the 
former. 

Definition 9.1. Given a vector field \ '■ w l— > £ C°°(M)/M. on Tin define the 
X-twisted time r Ricci iteration to be the sequence of forms {wfc T }fc>o satisfying the 
equations 

Ukr =W(fc-i) T + TH kT Ricuj kT - rRicuj kT + r\^-lddxu lkT , k € N, 

LOq=UJ, 

for each k G N for which a solution exists in Hq . 

The construction in Section 7 corresponds to the zero vector field. The case x = 
ifj x , with X an infinitesimal automorphism, will be useful when studying convergence 
towards solitons. 
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When ft = ci,t = 1 this iteration takes on a special form, giving a certain gener- 
alized inverse Ricci operator (cf. Definition 6.1). 

Definition 9.2. Given a vector field x '■ w *-> Xtu £ C°°(M)/M. on H Cl define the 
X-twisted Ricci operator Ric x : H C1 — > ^ci &2/ letting Ric x w := Ricw — y/^\ddxw 
Define the x-twisted inverse Ricci operator Ric ~ x : TC Cl 7i Cl by letting Ric ~ 1 cj := 
lo v whenever there exists a unique Kahler form lo v in 7i Cl satisfying Ric^o;^ = u. 
Denote higher- order iterates of these operators by Ric l x fori G Z, setting Ric° := Id. 

Recall that the Bakry-Emery Ricci form associated to a pair (cj, a) 6 x C°°(M) 
is the form Ric lo — y/—ldda, that can viewed as the Ricci form of the Kahler manifold 
(M, J) equipped with a Kahler form whose top exterior product equals e 27Ta u> n [BE, 
(4b)] . The twisted Ricci operator is thus an assignment of a Bakry-Emery Ricci form 
to each Kahler form determined by a vector field on Tin. The simplest examples 
include the zero vector field and the Ricci potential vector field that yield the Ricci 
operator and the identity operator, respectively. Note that the fixed points of the 
twisted Ricci operator are for certain choices of x the multiplier Hermitian structures 
defined by Mabuchi [M3]. The twisted inverse Ricci operator is not defined for 
general x, however it is for some geometrically significant vector fields. Assume that 
X belongs to a reductive Lie subalgebra of aut(M, J) and that the one-parameter 
subgroup Tjx generated by JX is a compact torus in Aut(M, J). When x = 4> X 
the operator Ric~i restricted to H Cl (Xjx) exists and is well-defined according to a 
theorem of Zhu [Z]. More generally, this is still true when x is a smooth function of 
ip x under some assumptions [M3]. 

First, continuing the discussion of Section 3 (Remark 3.6) observe that when Q. = 
c\ and x = ip X t ne continuity method path obtained by setting k = 1 and letting r 
vary in the segment [l,oo) coincides with the Tian-Zhu continuity path [TZ2, (1.4)] 

u,^ s = co n e U -^s- s ^ , s €[0,1], (45) 

via the reparametrization s = 1 — -, discretizing the ^ X -twisted Kahler-Ricci flow 
[TZ4, (4.4)] 

= -Ric w(t) + w(t) + Mf), t G R + , (4g) 

w(0)=weH Cl (T JX ). 

In fact, more generally Mabuchi's continuity path [M3, (5.1.4)] in the context of 
multiplier Hermitian structures is obtained in the same manner from (44) as a result 
of discretizing the corresponding twisted Kahler-Ricci flow. 

We now discuss briefly the special case of Kahler-Ricci solitons. This is mainly 
done for the sake of concreteness since, due to the work of Mabuchi, the relevant 
computations go through also for general multiplier Hermitian structures. 
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In their study of Kahler-Ricci solitons on Fano manifolds Tian and Zhu introduced 
a twisted version of the functional E [TZ3] . To define it we first recall some relevant 
facts [Fl, §2.4; M3.TZ2]. Given X £ aut(M, J), let denote the elliptic operator 
<f> := A^cj) + X<j>. This operator is self-adjoint with respect to the L 2 (M, e^-> uj n ) 
inner product denoted by ( • , • )^x. The vector field tp x on H Cl induces a vector 
field on the space of Kahler potentials (that we still denote by the same notation) by 
decreeing that y f M w™ = 1 for each oj € H Cl ■ One then has i/) x = i/j x + Xip 

since j- t ± J M e^ +x ^u^ = (L$* u,l)^x = 0. Define a functional on H Cl {T JX ) x 
n..AT ]X ) by 



Efiu;,^) = LJ^^,L X J^ -UJUxdt (47) 

This functional is well-defined independently of a choice of path and exact. Its critical 
points are Kahler-Ricci solitons. 

Lemma 9.3. Assume that X belongs to a reductive Lie subalgebra o/aut(M, J) 
and that the one-parameter subgroup Tjx generated by JX is a compact torus in 
Aut(M, J). The functional Eq is monotonically decreasing along the ip x -twisted 
time t Ricci iteration for each r > for which the iteration exists. 

Proof. Let u € TL Cl {Tjx)- Whenever the V^-twisted time r Ricci iteration exists the 
same is true for smaller time step iterations. Hence the continuity path 

w n =C|A; /«-<, +(*-!)¥* s t € [0,t], (48) 

exists. Differentiating equation (48) gives + 1 — j)<A = ~'^ ( Pt- Hence one has 

E$ X {u> ,u T ) = - -(<fr,L$*<fl)j,xdt 

V J[0,t] 1 

= ~ J t(Lt*&, {Ltl + 1 - \)&)^dt < 0. 



b x 
'(•)■ 

r > 1 it follows since L% X + 1 - \ is still elliptic [TZ2, Lemma 2.2 (ii)]. □ 



When r < 1 the last inequality is a just a consequence of the ellipticity of L,f > . When 



10 Some applications. In this section we describe several applications of the 
Ricci iteration and the inverse Ricci operator to some classical objects and problems 
in Kahler and conformal geometry. 
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10.1 The Moser-Trudinger-Onofri inequality on the Riemann sphere and its higher 
dimensional analogues. We recall some notions from [R2] and explain how the 
results there on the Moser-Trudinger-Onofri inequality can be rephrased in terms of 
the inverse Ricci operator. This sheds new light on our discussion there and at the 
same time expands it (this was omitted from [R2] for the sake of brevity). 

Let w FS;C denote the Fubini-Study form of constant Ricci curvature c on (S 2 , J), 
the Riemann sphere, given locally by 

yf—1 dz A dz 
w fs,c = jz ; j pr^pj- 

C7T (1 + \Z\ Z Y 

Here V = J s2 o; FS;C = c\([M])/c = 2/c. For c = l/2ir it is induced from restricting 
the Euclidean metric on R 3 to the radius 1 sphere. Denote by W 1 ' 2 (S 2 ) the space of 
functions on S 2 that are square-summable and so is their gradient (with respect to 
some Riemannian metric). The Moser-Trudinger-Onofri inequality states: 

Theorem 10.1. [Mo,0,Tri For u = w FS) 2/y and any function ip on S 2 in W 1,2 {S 2 ) 
one has 

V Js 2 

Equality holds if and only if lu v is the pull-back of u by a Mobius transformation. 

Several proofs of this classical result have been given in the literature, and we 
list here the ones we are aware of, chronologically: Onofri [0], Hong [H], Osgood- 
Phillips-Sarnak [OPS], Beckner [Be], Carlen and Loss [CL1,CL2], Ghigi [Gh] (for 
more background we refer to Chang [Ch]). All of these proofs use crucially some 
symmetrization/rearrangement arguments that reduce the problem to a single di- 
mension. Previously we gave a new proof of this inequality coming from Kahler 
geometry [R2]. At the same time we also formulated an optimal (in a sense to be 
clarified below) extension of it to higher-dimensional Kahler-Einstein manifolds of 
positive scalar curvature, extending the work of Ding and Tian. 

A function satisfies (49) if and only if 

This functional was studied already by Berger and Moser [Ber.Mo]. Moser, extending 
work of Trudinger, was able to show that Fi(u, lo^) > —C. Then, Onofri showed that 
C = and characterized the cases of equality. 

Aubin first suggested a connection between the classical inequality (49) and Kahler- 
Einstein manifolds [A2, (4)]. Following this, Ding [D] showed how to generalize 
the functional F 1 to higher-dimensional Fano manifolds — see Equation (17) — using 
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Aubin's functional J. Using this observation, and modifying the proof of a funda- 
mental result of Bando and Mabuchi concerning the boundedness of the K-energy, 
Ding and Tian proved Theorem 10.1 for those functions that belong to the sub- 
space Huj C W 1 ' 2 (S 2 ). We state both results and their corollary The corollary is 
Ding and Tian's restricted generalization 4 of the Moser-Trudinger-Onofri inequality 
to higher-dimensional Kahler-Einstein manifolds. 

Theorem 10.2. [BM, Theorem A; B, Theorem 1; DT, Theorem 1.1] Let (M,J,w) be 
a Kahler-Einstein Fano manifold. Then Eq(lo, F\{u, uj v ) > for all uj v € TL Cl 
with equality if and only if uj v = h*u with h £ Aut(M, J) . 

Corollary 10.3. [DT] Let (M, J,u;) be a Kahler-Einstein Fano manifold with 
u 6 H Cl ■ Then for each <p G holds 



Equality holds if and only ifto v is the pull-back of uj by a holomorphic transformation. 

One should note that the subspace of Kahler potentials can be considered as a 
rather small "ball" sitting inside C°°(S 2 ) C W 1,2 (S 2 ) since in general a large enough 
multiple of an element of 7i u will no longer belong to 7i u . Following the work of Ding 
and Tian it remained an open problem how to extend their techniques and provide a 
complex-geometric proof of the Moser-Trudinger-Onofri inequality. The key hurdle 
in proving Theorem 10.1 is to extend the argument to the set C7°°(M) \ which a 
priori has no clear geometric significance as it represents indefinite forms rather than 
Kahler forms. 

Alternatively, what is missing is a geometric interpretation of the Berger-Moser- 
Ding functional F\. The following result is the key ingredient in our proof of (49) 
[R2, Lemma 2.4]. 

Proposition 10.4. Let Q, = c\. The following relation holds 



This provides a geometric interpretation for F x . Indeed, the functional E n is the 
potential for the Laplacian of the determinant of the Ricci tensor, considered as a 



This term is meant to emphasize that this generalized a restricted version of the classical 
inequality. 




(50) 



(Ric -1 )*£ n = Fx, on H Cl x V, 
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Hence, this result explains the geometric meaning the set C°°(M) \ H u plays in 
the Moser-Trudinger-Onofri inequality. Namely, a function will satisfy this inequality 
if and only if it represents the Ricci form of a Kahler metric whose Ricci energy E n 
is nonnegative with respect to a Kahler-Einstein metric. It now becomes important 
to understand the sets A n = 6 H Cl '■ E n (uj,u> v ) > 0}, defined in Section 4. 
Naturally, we introduce the following definition. 

Definition 10.5. Let the Moser-Trudinger-Onofri neighborhood ofTL^ be the subset 

MTO n = {<p € C°°(M) :p satisfies (50) on the Fano manifold (M, J), dim c M = n}. 

(51) 

We are now in a position to state our generalization of Corollary 10.3 that is 
optimal in higher dimensions as well as some practical bounds. The result says that 
the Moser-Trudinger-Onofri inequality holds in higher dimensions on a canonically 
defined set MTO n that is strictly larger than the space of Kahler potentials Ti^ and 
is geometrically related to Ricci curvature. 

Theorem 10.6. Let (M, J,w) be a Kahler-Einstein Fano manifold. 

(i) The generalized Moser-Trudinger-Onofri inequality (50) holds precisely on the set 
MTO n = Ric(A0- Furthermore, H Cl C MTO n C V Cl . 

(ii) Define the sets Bk := {oj v € H Cl '■ Ik(u v , Ricu v ) > 0}. Then one has 

(Hi) One has Ai = B\ = TL Cl , £>2 5 W<p £ "Ha '■ Ricw^ + 2uj v > 0}, B3 5 {uj^ G 
TL Cl : Ricw^ + lo v > 0}, and for each k one may readily obtain an explicit bound 
on the set Bk, hence on Ah, in terms of a lower bound on the Ricci curvature using 
(16). In particular there exist c n > depending only on n such that, 

MTO n C°°(M) : lo v > -c^Ric" 1 ^}, 

and, e.g., C\ = 00, C2 > 2, C3 > 1. 

As a corollary we are now able to provide a complex-geometric proof of the classical 
Moser-Trudinger-Onofri inequality. 

Proof of Theorem 10.1. Observe that MTO x = Ric (Ai) = Ric(H Cl ) = V Cl . The 
last equality requires solving the equation 5 Ric uj^ = uj^ for 99, equivalently Poisson's 
equation A^ip = e^~^ — 1. □ 



This is the classical n=l version of the Calabi-Yau Theorem whose proof goes back at least to 
Wallach and Warner [WW]. 
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10.2 An analytic characterization of Kahler-Einstein manifolds and an analytic cri- 
terion for almost- Kahler- Einstein manifolds. In the first part of this subsection we 
explain how the inverse Ricci operator can be used to solve a problem concerning 
energy functionals on the space of Kahler forms. We hope this sheds new light on 
the solution of this problem that we gave previously [R2] . 

Chen and Tian's generalization of Mabuchi's Kahler energy, Eq, and of Bando 
and Mabuchi's Ricci energy, E n , to a family of functionals {Ek}^ =0 (see Section 4 for 
definitions) naturally raised the question of whether Tian's analytic characterization 
of Kahler-Einstein manifolds in terms of E generalizes to these functionals. In 
addition it raised the question whether Bando and Mabuchi's criterion for almost- 
Kahler-Einstein manifolds in terms of Eq generalizes to these functionals. These 
questions were also independently raised by Chen [Che2, p. 37; CLW, §1.3]. We now 
recall both of these fundamental results and explain how to generalize them. This 
provides an answer to these questions. It shows that the answer is both "yes" and 
"no" : these criteria extend to the other functionals {Ek}, however they fail to extend 
in an identical manner. The subtlety comes from the appearance of the inverse Ricci 
operator as we will see below. 

Theorem 10.7. Let (M, J) be a Fano manifold. 

(i) [B,BM,DT] If either F\ or Eq is bounded from below on H Cl then for each e > 
there exists a Kahler metric uj e £ 7i Cl satisfying Ricw e > (1 — e)co e . 

(ii) [T5T6.TZ1] Assume that Aut(M, J) is finite. . 6 Then the properness of Fi (or 
E ) on H Cl is equivalent to the existence of a Kahler-Einstein metric. 

Our strategy in extending these results to the functionals {Ek}k =0 was: (a) first 
prove a new formula that expresses Ek in terms of the sum of Eq and another new 
exact energy functional (lo,u> v ) ^ Ik(u v , Rica;^) — Rica;) (Proposition 4.1) and 
use it to show 

Fi bounded from below on H Cl => Eq bounded from below on H Cl 

=>- Ei bounded from below on H Cl 
=> E 2 bounded from below on 7i+ 

=>- E n bounded from below on 7i+ . 
(b) Next use Proposition 10.4 to conclude: 

E n bounded from below on => Fi bounded from below on 7i Cl . 



In the general case a slightly more involved statement holds (see [R2] for details). 
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(c) Finally, some additional arguments were needed in order to prove that the proper- 
ness of E n on Ti^ implies the existence of a Kahler-Einstein metric. 

We can now state the extension of the theorems of Bando-Mabuchi and Tian to 
the energy functional {Ej~}. The case k = 1 was proven before by Chen-Li-Wang 
and Song-Weinkove in a different manner [CLW,SW]. 

Theorem 10.8. Let (M, J) be a Fano manifold. 

(i) If either F\ or E\. (for some k 6 {0, . . . , n}) is bounded from below on 7i+ then 
for each e > there exists a Kahler metric u e 6 H Cl satisfying Ric6J £ > (1 — e)uj e . 

(ii) Assume that Aut(M, J) is finite. 7 Then the properness of F 1 or of E^ (for some 
k 6 {0, . . . ,n}) on is equivalent to the existence of a Kahler-Einstein metric. 

It is important to note that the appearance of the inverse Ricci operator in step 
(b) was a crucial ingredient. The discrepancy between the behavior of Fi,Eq,E\ 
and that of the functionals E2, ■ ■ ■ ,E n can be explained using the time one Ricci 
iteration: the first three are unconditionally monotone along the iteration, while for 
the latter n — 1 this is true if and only if one assumes that the initial point lies in £> fc , 
and C Bk Q At C H Cl (Proposition 4.2). Furthermore, along the first step of the 

iteration the functionals £7. may increase by an arbitrary amount! To be precise, for 
any Fano manifold (Kahler-Einstein or not) we have the following result [R2]: 8 The 
Ricci energy E n is bounded from below on H Cl if and only if n = 1. We conclude 
that the assumption in Theorem 10.8 (ii) is essential and cannot be weakened from 
to 7i Cl . This explains our remark earlier on the subtlety present when k > 2. 
Previously, several authors (for references see [R2]) have proven the four implica- 
tions on the equivalence of the boundedness from below of Fi, E and E\. Often 
they appealed to results on the Ricci flow. This suggests that in this context the 
Ricci iteration rather than the flow is perhaps more suited. 

Remark 10.9. In light of the discussion above it would be interesting to know 
whether there exist intial conditions in TL Cl for which E/., k > 2, increases by an 
arbitrary amount along the Ricci flow restricted to the time interval [0, 1]. 

10.3 A new Moser-Trudinger-Onofri inequality on the Riemann sphere and a fam- 
ily of energy functionals. In the first part of this subsection we prove results 
that improve on the restricted generalized Moser-Trudinger-Onofri inequality (Corol- 
lary 10.3) in a different direction than that explored in §§10.1 (Theorem 10.6). 
Namely, we show that the inequality holds even when one adds certain negative 
terms to the exponent on the right hand side. This is done by expressing the excess 



See footnote to Theorem 10.7. 

We believe that the same result should hold for E k for each 2<k<n. 



29 



Y. A. Rubinstein 



in the inequality in geometric terms, namely in terms of the inverse Ricci operator. 
This is different from Tian's approach to a strenghtened inequality on Kahler-Einstein 
manifolds [T6, Theorem 6.21] and in particular involves sharp constants and a precise 
characterization of the case of equality. In the future we hope to address the relation 
between these two approaches. In the second part we introduce a family of energy 
functionals and explain their relation to the improved inequality. 
We now state the main result of this subsection. 

Theorem 10.10. Let (M, J,cj) be a Fano Kahler-Einstein manifold. Then for 
each <p 6 MTO n holds 

— [ e~ {ip ~^ ^M v) uj n < e ^^)-E°l^(Ric-^ v ,Ric- 3+1 ^)_ ( 52 ) 
V Jm 

Each of the terms in the sum is nonnegative precisely when uj v G Ric (B n ) ~D Tt Cl - 9 
Equality holds if and only ifoo v is the pull-back of uj by a holomorphic transformation. 

Recall that Theorem 10.6 strengthened the restricted generalized Moser-Trudinger- 
Onofri inequality (Corollary 10.3) by optimally enlarging the set of functions on 
which it holds to a set strictly containing H w . Theorem 10.10 further strengthens 
Theorem 10.6: it shows that the sets MTO n (see (51)) are characterized by an 
inequality stronger than (50). A version of this result holds also under the assumption 
that the K-energy is bounded from below. For simplicity we only state the result in 
the Kahler-Einstein setting. 

Proof. By definition F^uj,^^) > for each ip € MTO n . Observe that by Theo- 
rem 10.6 (i) it follows that Ric _1 preserves MTO n . Therefore for each I G N, 

Fi^Ric - '^) > 0, V<peMTO n . 

By exactness of F we obtain 

F 1 (cu,u; ip ) + F 1 (iv ip , Ric ~ 1 tu ip ) + ... + Fi(Ric~ +1 lu v , Ric~ u v ) > 0, 

that is, 

l 

Fi(w,uj v ) > ^Fi(Ric-^,Ric- J ' +1 uv). (53) 



More precisely, each of the terms with j>2 is nonnegative for all ip(EMTO n , while the term 
with j = l is nonnegative precisely when a^GRic Therefore, after possibly omitting the first 

term in the sum, (52) is an improvement over (50) for all (p£MTO n and not just for the subset 
Ric (B n )CMTO n (both strictly contain H Cl ). 
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Now, using (14)-(15) and (24) one has 

F 1 (u,u ip ) = J(u,u v )-^ [ <pu n -log± [ ef«-*u n . (54) 

V JM V JM 

It follows that for any a G H Cl holds 

Fi(a, Rica) = J(a, Rica) — — / / a a". (55) 

* JM 

Combining (53)-(55), and letting I tend to infinity, yields 



ijf 



(56) 



where is the push-forward of the vector field / under Ric - - 7 . Since by (4) the 
second term in (55) is nonnegative the desired inequality now follows from (56). 

The last statement follows from the fact that I n = J, Proposition 10.4, and the 
definition of B n (21). □ 

In the case of the Riemann sphere S 2 , Theorem 10.6 (iii) implies Ric(£>i) = 
Ric (Ai) = MTO\ = C°°(S 2 ). Therefore we have the following improvement of the 
classical Moser-Trudinger-Onofri inequality (Theorem 10.1). For notation we refer to 

§§io.i. 

Corollary 10.11. Denote by (S 2 ,J,lo = to FS: 2/v) a round sphere of volume V. 
For any function (p on S 2 in W 1,2 (S 2 ) one has 



V 



e ~^+T J S 2 < e V- J S 2 ^^^A^-£f =1 J(Ric<-^,Ric(--> + 1 >^)_ ^ 



Each of the terms in the sum is nonnegative, and equals zero if and only if uo v is 
obtained from uo by a Mobius transformation. This also characterizes when equality 
holds in (57). 

Note that the smoothing property of the iteration (see page 8) implies that the 
extra terms in the sum are meaningful under the assumption ip G W ' (S ). 

Motivated by Proposition 10.4 we define the following family of energy functionals. 
For each k G {0, . . . , n} and I G N U {0} let E ki i denote the pull-back by Ric~ z of the 
Chen-Tian functional E k (see (18)). That is 

E k) i{LO,Lo v ) = ^(Ric'^Ric"'^). (58) 
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For example, E nj i = F 1 , and 

E k ^(u,u v ) = F 1 (uj,u: v )-(J-I k )(Ric~ 1 uJ v ,uJ v ) + (J-I k )(Ric~ 1 u,u), k = 0, . . . ,n. 

(59) 

In light of this, Theorem 10.10 is seen to be a corollary of the following inequality: 

E n , l+1 (u>, ■ ) = (Ric-^Fi \ {u}xMTOn > 0, V/ € N. (60) 

Finally, we remark that in light of Definition 8.1 and Proposition 10.4 one may 
also extend the definition of Ding's functional to an arbitrary Kahler manifold and 
class. This might have some future applications. 

10. 4 Construction of Nadel-type obstruction sheaves. Up until this point we have 
scarcely concerned ourselves with the behavior of the various dynamical systems 
constructed in the absence of a fixed point. In this subsection we show that in 
this situation, and in the Fano setting, the Ricci iteration will produce Nadel-type 
obstruction sheaves, similarly to the continuity method and the Ricci flow. The basic 
references for this subsection are Demailly-Kollar [DK] and Nadel [Nl]. 

Let PSH(M,J,lo) C L 1 1 oc (M) denote the set of cj-plurisubharmonic functions. For 
ip 6 PSH(M, J, u) define the multiplier ideal sheaf associated to ip as the sheaf T(<p) 
defined for each open set U C M by local sections 

I(<p)(U) = {h € O m (U) : \h\ 2 e~* G L} oc (M)}. (61) 

Such sheaves are coherent. Such a sheaf is called proper if it is neither zero nor the 
structure sheaf O m ■ 

Nadel showed that in the absence of a Kahler-Einstein metric the continuity 
method (12) will produce a certain family of multiplier ideal sheaves. Phong, Sesum 
and Sturm showed that certain multiplier ideal sheaves can be obtained also from 
the Ricci flow 

a,™ = UJ n e f -- lpt+ ^, <p(0) = const. (62) 
Denote by [a;J the largest integer not larger than x. 

Theorem 10.12. [PSS] Let (M, J) be a Fano manifold not admitting a Kahler- 
Einstein metric. Let 7 6 (l,oo) and let uj 6 TL Cl - Then there exists an initial con- 
dition ip(0) and a subsequence {<fitj}j>o of solutions of (62) such that lim^oo ip tj = 
(foo € PSH(M,J,uj) and l^ifoo) is a proper multiplier ideal sheaf satisfying 

H r (M,l( 1Voo ) ® K-} 1] ) = 0, Vr > 1. (63) 

Their proof relies on some of Perelman's estimates for the Ricci flow as well as the 
following theorem of Kolodziej. 
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Theorem 10.13. [Ko] Let F € L p (M,lo),p > 1 be a positive continuous function 
with y f M Fuj n = 1. There exists a bounded solution tp to the equation uj™ = Fto n on 
M which satisfies osctp < C with C depending only on \ \F\ \l,p(m,w)iP an d (M,u). 

Let r = = 1. The following simple result is a discrete analogue of Theo- 
rem 10.12. Its very simple proof compared to that of the analogous result for the 
Ricci flow is our main motivation for including it here. Moreover, the sheaves pro- 
duced in this way are essentially computable (see the next subsection). 

Theorem 10.14. Let (M, J) be a Fano manifold not admitting a Kahler-Einstein 
metric. Let 7 6 (l,oo) and let uj € Tt Cl - Then there exists a subsequence {ipj k }k>i 
of solutions of (5) such that lim^oo tpj k = -0oo S PSH(M,3,u) and X(7'0 OO ) is a 
proper multiplier ideal sheaf satisfying (63). 

Proof. Indeed, since the iteration takes the form 

u4 +1 =u,V"-^, !GN, 

Theorem 10.13 can be directly applied (observe that from (4) an estimate on osc-02 
implies one on 1 1^| \l°°(m)) to construct sheaves with 7 > 1, making use of Proposi- 
tion 4.2 (for more details see [R4, §2 (iv)]). □ 

Remark 10.15. One may also construct multiplier ideal sheaves for the Ricci 
iteration with other time steps and for exponents in the range (nj (n + 1), 1) much the 
same as the continuity method sheaves constructed by Nadel as well as the analogous 
ones constructed in [R4] for the Ricci flow (we hope to discuss this in more detail in 
the sequel; note that the latter construction strenghthened Theorem 10.12). 

We remark that in the context of this section, it is also interesting to study the 
limiting behavior of the inverse Ricci operator (Section 8) under iteration. 

10.5 Relation to balanced metrics. In this paragraph we describe an immediate 
corollary of the work of Donaldson. It was pointed out to me by J. Keller. It gives with 
no further work an algorithm for computing Kahler-Einstein metrics using balanced 
metrics: Given a polarized Hodge manifold (X, L) and a volume form u Donaldson 
[Do3] constructs a sequence of pull-backs of Fubini-Study metrics in H Ci {l) induced 
from Kodaira embeddings that converge to a solution of the Calabi-Yau equation 
= v. Since in the Fano case our time one Ricci iteration consists precisely of 
solving a Calabi-Yau equation at each iteration we see that repeated application of 
Donaldson's constructions approximates the Ricci iteration and in this sense provides 
a quantization of the Ricci flow. 

Another consequence is the possibility to numerically construct Nadel-type sheaves 
on Fano manifolds admitting no Kahler-Einstein metrics, by §§10.4. 



33 



Y. A. Rubinstein 



Note that more generally one may approximate in the same manner the orbits 
of the iteration given by the inverse Ricci operator (Definition 8.1) on an arbitrary 
Kahler manifold with Q e H 2 (M,Z). 

Finally, it would be interesting to find more relations between discretizations of 
other geometric flows and iteration schemes involving Bergman metrics. 

10.6 A question of Nadel. As explained in Section 2 one of the original motivations 
for our work was a question raised by Nadel [N2]: Given lo G H Cl define a sequence 
of metrics cj,Rico;,Ric (Ricw), . . . , as long as positivity is preserved; what are the 
periodic orbits of this dynamical system? The cases k = 2, 3 in the following theorem 
are due to Nadel. 

Theorem 10.16. Let (M,J,lo) be a Fano manifold and assume that Ric 1 lo = lo 
for some I € Z. Then lo is Kahler- Einstein. 

Proof. The theorem follows from Proposition 4.2. Indeed, note that the nonexistence 
of periodic fixed points of negative order implies that of positive order, and vice versa. 
Therefore assume that for some lo G H Cl and some I 6 N one has Ric - ' lo = lo. By 
the cocycle condition we thus have 

l-i 

= E (lo, Ric ~ 1 lo) =^£ (Ric- i u;,Ric-*-y). (64) 

i=0 

By Proposition 4.2 one has 

£o(Ric~VRic~ i_1 cj) < 0, 

unless Ric _l cj = Ric _l_1 oj. Therefore each of the terms in (64) vanishes and lo is 
Kahler-Einstein. □ 

Moreover, from the proof we have the following stronger conclusion: 

Corollary 10.17. Let (M,J,lo) be a Fano manifold with trivial Futaki character. 
Assume that Ric 1 lo = h*L0 for some I € Z and some h € Aut(M, J). Then h = id 
and lo is Kahler-Einstein. 

Lemma 9.3 implies the following natural generalization of Theorem 10.16 to the 
setting of solitons. 

Corollary 10.18. Let (M,J,lo) be a Fano manifold and assume that X belongs 
to a reductive Lie subalgebra of aut(M, J) and that the one-parameter subgroup Tjx 
generated by JX is a compact torus in Aut(M, J). Let lo G H Ci (Tjx)- Assume that 
Ric^ x lo = lo for some I 6 Z. Then lo is a Kdhler-Ricci soliton. 
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In addition, under the assumption that the Tian-Zhu character [TZ3] is trivial one 
has a statement analogous to Corollary 10.17. Also, as noted in Section 9, and using 
a generalized character introduced by Futaki [F2], this result extends to the setting 
of multiplier Hermitian structures. 

To conclude this subsection we remark that what now becomes apparent is that 
Nadel's iteration scheme is precisely the Euler method for the conjugate Ricci flow 
and is thus dual to our iteration that corresponds to the backwards Euler method for 
the Ricci flow. 

Remark 10.19. In light of Theorem 10.16 perhaps it would be interesting to 
re-examine Nadel's generalized maximum principle which was used to provide a com- 
pletely different proof for the cases k = 2, 3. 

10.7 The Ricci index and a canonical nested structure on the space of Kdhler metrics. 
In this subsection we describe a new canonical structure inherent in the space of 
Kahler forms determined by the complex structure and the Kahler class alone. 

Consider first the case of a Fano manifold. As we saw earlier the iteration of the 
inverse Ricci operator on TL Cl has the advantage of possessing infinite orbits starting 
at any initial points. The Ricci operator on the other hand lacks this property, 
according to the Calabi-Yau theorem. This motivates the following definition. 

Definition 10.20. Let (M, J) be a Fano manifold. For each I 6 N U {0} denote 
by H^l denote the domain of definition of Ric ' . 

One has 

V C1 = Wg) D H C1 = «£> D = H+ D • • • D D ■ ■ ■ . (65) 
In other words, we may define on H Cl an integer-valued function 

to i— > r(co), (66) 

where r{u) is the unique positive integer satisfying uj € Ti^^^ \ Tt^^ +1 \ When 
no such number exists we set r(oj) = oo. We call the function r : TL Cl — ► N the Ricci 
index. The number r(u) is a Riemannian invariant of the manifold (M, J, uj). It may 
also be defined for general Riemannian manifolds however it seems hard to study in 
such generality. 

One may extend such a construction to a general Kahler manifold in at least two 
ways, using either the Ricci iteration or the inverse Ricci operator. Choosing the 
latter we obtain the following extension of Definition 10.20. 

Definition 10.21. Let (M, J) be a Kahler manifold and let £} denote a Kahler 
class. For each I 6 N denote by the image of Tin under Ric^ +1 . 
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Several natural questions arise that we hope to touch upon in the future. What is 
■^n°' > := P£i ^[P? How to asymptotically relate the Ricci index to the time parame- 
ter of the Ricci flow? Also, how to relate the Ricci index, on the one hand, to the met- 
ric structure on the space Tin [M2,Se,Do2] defined by (/x, u) u = y f M fivu; n , V/i, v 6 
TJHq, = C°°(M)/R and, on the other hand, to sublevel sets of Calabi's energy 
and Mabuchi's K-energy? Finally, what is the relation between the Ricci index and 
positivity? 
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